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Abstract 

In a way similar to the continuous case formally, we define in different 
but equivalent manners the difference discrete connection and curvature 
on discrete vector bundle over the regular lattice as base space. We 
deal with the difference operators as the discrete counterparts of the 
derivatives based upon the differential calculus on the lattice. One of the 
definitions can be extended to the case over the random lattice. We also 
discuss the relation between our approach and the lattice gauge theory 
and apply to the discrete integrable systems. 
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1 Introduction 



The discrete systems play very important roles in various fields, so they are widely 
studied in different branches. As one of the successful ways to deal with the quantum 
gauge field theory non-perturbatively, the lattice gauge theory in high energy physics 
has opened up a new direction in both physics and mathematics in order to deal with 
the gauge potentials as the connections in a discrete manner. For the integrable systems, 
there are a kind of discrete integrable ones as the discrete counterparts of the continuous 
systems by means of the integrable discretization method. For the structure preserving 
algorithms or the geometric algorithms in computational mathematics, the continuous 
systems are discretized in such a way that some of the important properties such as the 
symplectic or multisymplectic structure, or the symmetry of the systems are required 
to be preserved in a discrete manner, respectively. There are many other important 
discrete systems and some of them are even without the proper or unique continuous 
limits. In this paper, we focus on how to get the discrete counterparts in a systematic 
manner for such a kind of continuous systems that there are important properties like 
the gauge potentials as connections, the symplectic or multisymplectic structures, the 
Lax pairs, the symmetries and so on. 

A simple and direct method to get a discrete counterpart for a given continuous 
system such as an ODE or a PDE is to discrete the independent variable (s) and let the 
dependent variables become discrete accordingly without specially chosen. However, 
in most cases all important properties of the continuous system may be lost and the 
behaviors of the discrete system are even hard to be controlled. For constructing mostly 
quarried ones in all possible discretizations of the corresponding continuous systems, 
there is a working guide line or a structure-preserving criterion. Namely, it is impor- 
tant to look forward to those discrete systems that preserve as much as possible the 
intrinsically important properties of the continuous system (see, e.g. [1], [2], [3], [1], [5], 

i)- 

In the course of discretization, only a few of the most important properties, or 
"structure" could be maintained. Thus, it is needed to select these "structures" , to find 
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their discrete counterparts and to know how to preserve them discretely with the lowest 
price has to pay. For example, there are two classes of conservation laws in canonical 
conservative mechanics. The first class is of phase-area conservation laws characterized 
by the symplectic preserving property. Another class is related to energy and all first 
integrals of the canonical equations. Thus, it is needed to know if it is possible to 
establish such a kind of discrete systems that they not only discretely preserve the 
"structure" , such as the symplectic structure, but also the energy conservation discretely. 
And is it possible to get these discrete systems by a discrete variational principle? 

In fact, as far as the discrete variation for the discrete mechanics are concerned, there 
are different approaches. In usual approach (see, e.g. [7], [8], [9], [10], [H]), only the 
discrete dependent variables are taken as the independent variational variables, while 
their differences are not. However, in the discrete variational principle proposed by two 
of the present authors and their collaborators recently [3] , |1] , [S] , [B] , the differences of 
the dependent variables as the discrete counterparts of derivatives are taken as the inde- 
pendent variational variables together with the discrete dependent variables themselves. 
Actually, this is just the discrete analogue of the variational principle for the continuous 
mechanics, where the derivatives of the dependent variables are dealt with as the inde- 
pendent variational variables first. Thus, the difference discrete Legendre transformation 
can be made and the method can be applied to either discrete Lagrangian mechanics or 
its Hamiltonian counterpart via the difference discrete Legendre transformation. The 
approach has been applied to the symplectic and multisymplectic algorithms in the both 
Lagrangian and Hamiltonian formalism. It has been also generalized to the case of vari- 
able steps in order to preserve the discrete energy in addition to the symplectic or the 
multisymplectic structure [6], [7], [8], [9], [12] . 

For the lattice gauge theory as the discrete counterpart of the gauge theory in con- 
tinuous spacetime, the discrete gauge potentials, field strength and the action had been 
introduced in a manner almost completely different from, as least apparently, the ones 
in ordinary gauge fields or in the connection theory [13], [H] in fibre bundle. Although 
the discrete connection theory also has its own right (see, e.g. [IS [16]) as an application 
of the non- commutative geometry [T7j, how to introduce the discrete gauge potential in 
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the lattice gauge theory as a kind of discrete connection is an important and interesting 
problem. Two of us with their collaborator had considered this issue in [TS] very briefly 
in a way different from other relevant proposals (see, e.g. [19], [20], [21], [22].|23j). 

In this paper, we study the discrete connection and curvature on the regular lattice 
further in a way similar to the connection and curvature on vector bundle. We define 
them in different but equivalent manners, find their gauge transformation properties, 
the Chern class in the Abelian case and relevant issues. We show that the discrete 
connection and curvature introduce here are completely equivalent to the ones in the 
lattice gauge theory on the regular lattice. We also apply these issues to the discrete 
integrable systems and show that their discrete Lax pairs and the discrete-curvature free 
conditions are certainly similar to their continuous cases. 

One of the key points in our approach is still to regard the difference operators act- 
ing on the functions space over the regular lattice as a kind of independent geometric 
objects and their dual should be the one forms such that we can introduce the discrete 
tangent bundle over the lattice and the cotangent bundle as its dual with the basis as 
the difference operators and one-formes, respectively. These are just the discrete coun- 
terparts of the continuous cases, where the derivatives and the one-formes as their dual 
play the roles as the basis of the tangent bundle and the cotangent bundle, respectively. 
In order to do so, the non-commutative differential calculus on the function space over 
the lattice [12] has to be employed. Similarly, the discrete vector bundle over the regular 
lattice can also be set up. In the connection theory a la Cartan, the exterior differential 
of the basis of a vector space at a point should be expanded in terms of the basis and 
the expanding coefficients are just the coefficients of the connection on the vector space. 
Since all counterparts of the basis, exterior differential and so on are equipped in the 
discrete vector bundle over the lattice, the discrete connection can also be introduced in 
a way similar to the one a la Cartan. This is our simple way to introduce the discrete 
connection. In continuous cases, there are several equivalence definitions for the con- 
nection and curvature. Similarly, we also introduce some of the equivalent definitions 
for the discrete connection and curvature on the lattice. It should be noted that the 
definition of the discrete connection in terms of the decomposition of the tangent space 
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of the discrete vector bundle may be written in the form without differences. Thus, it 
can be generahzed to the cases over the random lattices. 

The paper is organized as follows. In order to show the background and necessary 
preparation, we briefly recall the discrete mechanics and the non-commutative differen- 
tial calculus on hypercubic lattice of high dimension in section 2 and section 3, respec- 
tively. In section 4, we discuss the discrete connection, curvature, Chern class and their 
gauge transformation properties. In section 5, we generalize one of the definitions for 
the discrete connection to the case of random lattice. Some applications to the lattice 
gauge theory and discrete integrable systems are given in section 6. We end with some 
remarks and discussions. 

2 Difference Discrete Mechanics 

In order to introduce the structure of discrete bundle, it is useful to review the 
formulism in the Lagrangian mechanics and the discrete mechanics as its discrete coun- 
terpart. 

Let t G T be the time, M an n-dimensional configuration space as a vector space 
for simplicity. A particle moving on the configuration space is denoted in terms of its 
generalized coordinates as G M and its generalized velocities = dq^{t)/dt as 
an element in tangent bundle TM of M. The space of all the possible path of particle 
moving in configuration space is an infinite dimensional space. The Lagrangian of a 
system is a functional defined on this space and denoted as i = 1, ■ ■ ■ ,n. 

For simplicity, the Lagrangian in our discussion is of the first order and independent of 
t. The action functional is 



Here describes a curve with ending points a and b, ta = ti,tb = ^2, along which 
the motion of the system may takes place. 

For the difference discrete Lagrangian mechanics, let us consider the case that "time" 




(1) 
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t is difference discretized 



t eT ^tk eTD = {{tk, tfc+1 = tk + Atk = tk + h, keZ)} 



(2) 



and the step-lengths Atk = h are equal to each other for simplicity, while the n- 
dimensional configuration space Mk at each moment tk, k & Z , is still continuous and 
smooth enough. 

Let be the set of all nodes on with index set Ind{N) = Z, M = IJ^.^^ 
the configuration space on that is at least pierce wisely smooth enough. At the 
moment tk, Mk be the set of nodes neighboring to tk. Let Ik the index set of nodes 
of A/fc including tk- The coordinates of Mk are denoted by q^itk) = q^^^\i = 1, ■ ■ ■ ,n. 
T{Mk) the tangent bundle of Mk in the sense that difference at tk is its base, T*{Mk) 
its dual. Let A4k = U/g/^ tie the union of configuration spaces Mi at ti,l G Ik on 
A4, TMk = [Jieh ™' of tangent bundles on M^, F{TMk) and F{TMk) the 

functional spaces on each of them respectively, etc.. Sometime, it is also needed to 
include the links, plaquette and so on as well as the dual lattice, like in the lattice gauge 
theory, the mid-point scheme in the symplectic algorithm and so on. In these cases, the 
notations and conceptions introduced here should be generalized accordingly. 

The above consideration should also make sense for the vector bundle over either 
the 1-dimensional lattice To or the higher dimensional lattice as a discrete base mani- 
fold. In the difference variational approach and the definition of the difference discrete 
connection, these notions may be used. 

Now the discrete Lagrangian L/)'-'^'^ on F{T{Mk)) reads 



(3) 



with the difference A^g**^'^-' of g**^'^-' at tk defined by 



Akq'^'^ := 



,i(fc+l) f^i{k) 



(4) 



The discrete action of the system is given by 




(5) 
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The discrete variation for g*'^'^) = ^^(tfc) should be defined as 

Sq'^''^ ■.= q'\t,)-q%tk). (6) 
And the discrete variations for A^q^^''^ are given by 

5Afcg*(^^) = Afc^g^C^). (7) 
Thus, the variations of the discrete Lagrangian can be calculated 

6Lo^'^ = [L^mW-'^ + Akipi^'+'^Sq'^'^), (8) 
where [-C/gi(fe)] is the discrete Euler- Lagrange operator 

and pi^^^ the discrete canonical conjugate momenta 

And the variation of the discrete action can be written as 

6Sd = J2 /^[V^)]^-?*^'^ + Mp^^'^'^5,q'^'^). (11) 

k 

The variational principle requires 6Sd = 0, so it follows the discrete Euler-Lagrange 
equations for g^'^'^^'s 

_ A(^^) - (12) 

In order to transfer to the discrete Hamiltonian formalism, it is needed to introduce 
the discrete canonical conjugate momenta according to the equation (fTOj) and express 
the discrete Lagrangian by the discrete Hamiltonian via Legentre transformation 

i/^W :=p,('=+i)Atg*«-L^('=). (13) 

Thus, the discrete action can be expressed as 

Sn = J2^- (P.^'+'^A,g^(^') - Hd^'^). (14) 
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Now, Hamilton's principle requires 6^81) = 0, it follows the discrete canonical equations 

for pi'^^^'s and g^'^^^'s 

As was mentioned, the advantages of the difference discrete variational principle are 
based on keeping the difference operator as a discrete derivative operator. It is also 
clear that this approach can be applied to the field theory as well and generalized to the 
total discrete variation with variable step- lengths [HI [12] • Actually, this key point will 
also play a central role in our proposal to the discrete connection and curvature. 

In the usual discrete variation, however, the Q x Q is used to indicate the vector 
field on the discrete space and the difference has not been dealt with as independent 
variables (see, e.g. [7], [8], [9], [2l], [25], [26]). The corresponding discrete action is 

n-l 

S = ^h ■'L{qk,qk+i), (16) 

k=0 

where the Lagrangian h{qk, Qk+i) is the functional on QxQ. This is also the central idea 
of the resent proposal to the disconnection in [16]. Namely, using the tensor product 
Q X Q to study discrete tangent space of Q. In other words, the tangent vector q{t) at 
tk is represented by a pair of nodes (g^, qk+i) without introducing the difference oper- 
ator. Thus, the difference discrete Legendre transformation and discrete Hamiltonian 
formalism via the transformation cannot be formulated. In this case it is expected that 
the groupoid formulism may be used so that there is possibility to understand some 
geometric meanings of discrete models [27] . 



3 Difference and Differential Form on Lattice 

In this section, we recall how to apply the differential calculus on discrete group 
[T9] to the hypercubic lattice [18]. Although the result is similar to the one in (|20]. 
[21], [22], [23]) the key point is different. In our approach, the shift operator is regarded 
as the generator of a discrete Abelian group in each direction of the high dimensional 
hypercubic lattice. For simplicity, we focus on the lattice with equal spacing h = 1. 
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Thus, the dimension of vector fields or differential forms is equal to the number of the 
shift operators of the lattice. 

Let and .4 be a lattice and the algebra of complex valued functions on A^, re- 
spectively, define the right and left shift operators i?^, at a node a; G TV in the 
yU-direction by 

E^x = X + fi, E~^x = X — fi, (17) 
and introduce a homeomorphism on the function space A, 

E,f{x) = fix + fi), E,if{x) ■ gix)) = E,f{x) ■ E^g{x), f,geA, (18) 

where {x — fi), x and {x + /t) are the points on TV^. and they are the nearest neighbors 
on the yU-direction, the dot denotes the multiplication in A. 

The tangent space at the node x of Af^ is defined as TA4 := span{A^|x,/i = 
1, ■ ■ ■ , n}, where the operator is defined on the link between x and x + fi and its 
action on A is the differences in /i-th direction as, 

A^/(x) := {E, - td)f = fix + A) - fix). (19) 

The above difference operator is a discrete analogue of a bases d^, := ^ for a vector 
field X = X^du in the continuous case. 

The action of a difference operator A^ in f|T9|) on the functional space A satisfies 
the deformed Leibnitz rule 

A.ifix) ■ gix)) = A.fix) ■ gix + fi) + /(x)A,^(x). (20) 

For a given node x G A4, all A^ form a set of bases of the tangent space TA4- Its dual 
space denoted as T*Mx is a space of 1-forms with a set of bases dx^ defined on the link, 
too. They satisfy 

dx^iA,) = (5;;, 

which is also denoted as fi^ and Vf' = A like the continuous case. 

Thus, the tangent bundle and its dual cotangent bundle over can be defined as 

TiV:=|jTA/; and T*N:=[jT*Nx, (21) 
9 



respectively. 

Let us construct the whole differential algebra Q* = ® fi" on T*N as in continuous 
case. The exterior derivative operator d^, : ^ fi^"*"^ is defined as 

d^uj = ^al'dx"" A dx^"' A ■ ■ ■ A dx^^ G (22) 

a 

where 

00 = fdx^' A ■ ■ ■ A dx^>' e n\ (23) 
When k = 0, ^l^ = A, then d : ^ fiMs given by 

d^/ = 5^A,/rfx^ (24) 

a 

It is straightforward to prove that 

(a) : (d^/)(tO = ^;(/), ^; g T(iV), / G 

(b) : doiuj ® cj') = douj to' + {-if^'^'^u ® c/W, ^, cu' G fi*, (25) 

(c) : dl = 0, 

provided that the following conditions hold 

(1) dx^ A dx" = -dx" A dx^, 

(2) do^dx'') = 0, (26) 

(3) dx'^f = {Efj,f)dx^, (no summation). 

Thus, we set up the well defined differential algebra. Note that in order to do so the 
multiplication of functions and one-forms must be noncommutative. 

4 Difference Discrete Connection and Curvature 

The discrete analogue of connection has been given by two of the present authors 
[18] and others (see, e.g. [20], [21], [22], [23], [I5], [I6]). In this section we define the 
(difference) discrete connection in simple way similar to that in the continuous case 
based on the noncommutative differential calculus introduced in the last section. As 
was mentioned, the key point is to replace the difference discrete exterior derivative by 
the covariant difference discrete derivative for the sections on bundle. 
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4.1 Connection, Gauge Transformations and Holonomy 

4.1.1 Discrete Bundle and Discrete Sections 

Let P = P{A4,G) be a principal bundle over an n-dimensional base manifold Ai 
isomorphic to i?" with a Lie group G as the structure group. Now consider its discrete 
counterpart in the following manner as a discrete principle bundle. Let the manifold 
Ai be discretized as Z,*^, i.e. the hypercubic lattice with equal spacing h = 1, and take 
such an ~ Z*^ (a lattice A^) as the discrete base space. For a node x E N, there is 
a fiber G^. = 7i~^{x) isomorphic to the Lie group G as the structure group. The union 
of all these fibers are called discrete principal bundle and denoted as Q{N, G): 

Q=[j^-\x). (27) 

x&N 

If the structure group G is a linear matrix group, for example, GL{m, R) or its sub- 
group, we may also define an associated vector bundle V = V{N, K^, GL{m, R)) to the 
discrete principal bundle Q{N, GL{m, R)). For any x E N there is a fiber F.j. = 7r~^(a;) 
isomorphic to an m-dimensional linear space i?'" with the right action of GL{m, R) on 
the F^. The union of all these fibers is called a discrete vector bundle: 

V=[j7r-\x). (28) 

The discrete field on discrete bundle is a section h{x) G G on discrete principal 
bundle or a ip^{x) G R"^ on the vector bundle for all x G A/'x- A section on discrete 
bundle is the map, 

G : A = y a;. — >Q = Q{N, G), G:x^ G{x). (29) 

Similarly, we can define the discrete section on a discrete vector bundle. The union of 
the all sections is denoted as T{Q) for the discrete principal bundle or as r(V^) for the 
discrete vector bundle, respectively. 

One of the examples for the discrete vector bundle is the tangent bundle TN over an 
n-dimensional hypercubic lattice A in eq. fl2T]) . The base manifold of this bundle is the 
hypercubic lattice, the fiber tt~^{x) over a; G A is an n-dimensional vector space with 
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basis {A^,/i = 1, ■ ■ ■ ,n}. Another example is its dual bundle T*N, its fiber is also the 
77,-dimensional vector space with basis {dx^, fi = 1, ■ ■ ■ ,n}. 

For the discrete vector bundle the section space T{V) is also the vector space. The 
same for the r[T*N). Their tensor product is given by 

T{T*N xV) = T{T*N) x T{V). (30) 

As was mentioned in previous section, the one form basis dx'^ in discrete case is defined 
on a point x & N but links the point with another nearby point x + fi. Then the section 
of one forms in r{T*N) is generally defined on A/'x, its structure is very different from 
the section in continuous case. So we call it as discrete section. The section in T{V) 
may be the discrete section as in r{TN) of tangent vector bundle TN. However there 
is another possibility. Namely, the section is defined on the node only as in the discrete 
principal G-bundle. The direct product here can be simply understood as the discrete 
counterpart of the direct product in the continuous case in the above manner. 

4.1.2 Definition of Connection and Gauge Transformations 

Definition : A difference discrete connection or covariant difference discrete derivative 
is the linear map 

V : T{V) — > T{T*N x V), (31) 
which satisfies the following condition: 

V{si + S2) =VSI+VS2, 

V{as) = dDa^s + aVs, (32) 

where s, Si,S2 G T{V) and a E A. This is almost the same as the definition of the con- 
nection or the covariant derivative in the continuous case, which is basically equivalent 
to the connection a la Cartan. 

Since our discussion on all geometric quantities are in the local sense, for the sim- 
plicity, we can choose the basis {s^, 1 < « < fri} as the basis of the linear space T{V) 
and {dx^^Sa, I < a < m, 1 < < n} as the basis of the sections space T{T*N x V). 
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Then the covariant derivative 'Dsa should be the hnear expansion on {dx^®Sa}- Hence, 
we can define it in the local sense as 

'^^P = H[- (^)^ ®^-\=Y.[- (B.Tpdx^ ® s J (33) 

a a,ij, 

or simply 

Vs = -B- s, (34) 

where B = B^dx^ is the local expression of discrete connection 1-form. For the con- 
tinuous case, the connection 1-form is valued on a Lie algebra. However the 1-form 
B = B^dx^ here is matrix valued. Since all 1-forms are defined on the links, the coeffi- 
cients Bfj^ are also defined on the link {x, x + fi) and can be written as 

Bf,{x) = B{x,x + fl). (35) 
For any section S* = a^Sa, we have 

VS = ^(dz)a° ■ + a° ■ Ps„) 

= y^iA^a'^dx'^ ® s« - a'^iB^dx'' ® sp) 

(36) 

= ^{VD^,af')dx^ ® Sf3, 

where 

= Ay - a'^iBX (37) 
is called the discrete covariant derivative of the vector a" and 

P^a" = J2 T^D^dx^" = ^(A^a" - a'^(5^)^)c/x'^ (38) 

is the discrete exterior covariant derivative of the vector a". 

On the space T{V), we can choose another linear basis or perform the linear trans- 
formation of the basis, i.e., take the gauge transformation as follows 

Sa I > Sa = g{x)i -5/3, X G N, (39) 
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where g{x)^ is the GL{m, R) gauge group valued function defined on the node x ^ N. 
In order to keep the section 5* being invariant, the coefficients a"" of a general section 
S = O'^Sa should transform as 

a"^a" = a/3.(^-i(a;))^. (40) 

From the gauge invariance of S and VS, we can derive the gauge transformation 
property of VD^a"", 

VS ^ Y.^Voy)dx^ ■ {g~\x)r, ® g{x)i ■ s, ^^^^ 

= Y.iVn.a"') ■ {g-\x + fi)r^dx^ ® g{xt ■ sp, 

where the noncommutative commutation relation between function and 1-form basis is 
used. Then the covariance of the covariant derivative follows 

P^^a" ^ P^^aT ■ {g-\x + /i))^. (42) 

Thus, we get the gauge transformation property of the difference discrete connection 
1-form as 

B^{x)dx^' I — ^ g{x) ■ B^{x)dx^ ■ g^\x) + g{x) ■ dog^^x), (43) 

or 

B^{x) ^ g{x) ■ B^{x) ■ g~\x + fi)+g{x) ■ A^g^\x). (44) 

Together with the gauge transformation property of the coefficients of a vector field in 
(HOll . the gauge covariance of the derivative Vd^j^o' is confirmed. 

4.1.3 Discrete Connection via Horizontal Tangent Vector 



For the vector bundle, there is another definition of connection. It is based on the 
decomposition of the total tangent vector of the bundle into the horizontal and vertical 
parts. Then the horizontal tangent vector invariant under the right operation of the 
structure group also defines a connection. In fact, the horizontal tangent vector is 
nothing but the covariant derivatives. This definition can also be given in an analogous 
manner for the discrete case here. 
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Let us consider the discrete vector bundle over a discrete base manifold as the 
regular lattice with the fiber as a smooth enough m-dimensional vector space at 
X E N, like the Vk used in section |2l As we discussed before, the basis of tangent space 
TV^ is 

= (1 < « < m), (45) 

where a", 1 < a < m, are the coordinates of the fiber V^^. The basis of tangent vector 
on discrete regular lattice is 

A^, (1 < /i < n). (46) 
Then the basis of total tangent space of discrete vector bundle is the union of fl45l) and 

Similar to the continuous case, the vector space tangent to the fiber, i.e. the linear 
combination of basis in ( H5l) . is a vertical subspace of the total tangent space of the 
discrete vector bundle. Its complementary vectors of the vertical subspace in the total 
tangent of vector bundle are horizontal and constitute the horizontal subspace. The 
basis of horizontal subspace is as follows, 

X, = A,-{B,)y^, (l</i<n). (47) 

In comparison with the definition of difference discrete connection, it is easy to see that 
the horizontal vector is nothing but the covariant derivative in (1371) . 

This means that form the decomposition of tangent vector on the total bundle space 
we get the coefficients B^{x) of the discrete connection. For a given difference discrete 
connection or its coefficients B^{x), we can also get a decomposition of the total tangent 
vector space of bundle into vertical and horizontal parts sufficiently and necessarily. This 
shows that the difference discrete connection on discrete vector bundle is equivalent to 
a decomposition of the total tangent vector space into vertical and horizontal subspaces 
as above. 

Similarly, we can define the basis of dual space for the decomposition, i.e., the basis 
of the vertical and horizontal 1-form space, respectively, as 

cu'^ = da'^ + {B^)'ia^dx'', (1 < a < m), (48) 
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and 

u^" = dx^, (1 < < n). (49) 
They satisfy the following dual relation: 

(x;"(X^) = <5|, a;"(X^) = 0, a;^(X^) = 0, o;^(X,) = 5^ 

4.1.4 Covariant Derivative and Parallel Transport 

From the above discussions, we can get the difference discrete connection on discrete 
vector bundle through the definition of the absolute derivative or the horizontal tangent 
vector. Both lead to the difference discrete covariant derivative for the vectors, 

Pz?Ma^ = AX-a°(S^)^. (50) 

In terms of the relation between and E'^, we obtain another expression for covariant 
derivative as, 

Vo^ix) = E.a^x) - a^ix) ■ [iB,{x))} + 6}], (51) 

where S"^ is the unit matrix. Then we obtain another expression for the coefficient of 
discrete connection, 

U,ix) = [iB,ix))l + 6}], (52) 

which is an element of some group, for example the group GL{m, R) in our discussions, 
and connects the points x and x + fi. We can also call ?7^(x) as the discrete GL^m, R)- 
connection and express it as 

U^{x) = U{x,x + fi). (53) 

From the second expression of the coefficient of connection and the definition of covariant 
derivative for the vectors, it follows the parallel transport of the section of vector if 
its covariant derivative is zero 

= Ay - a'^iBX = (54) 

or 

Ey{x)-a''{x)-{U,{x)y' = 0. (55) 
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Namely, 

a'^{x + fi) = a^{x)-{U{x,x + fi))l. (56) 

This means that the parallel transport of the section of vector a^{x) along the path 
X X + ft is expressed as 

a^(x) I — ^ a^(x + A) = a^{x) ■ {U{x, x + /i))^. (57) 

It is shown that there is a parallel transport on the discrete bundle along the curve 
on discrete base manifold for a given discrete connection on discrete bundle. 

Due to the discrete connection coefficient U{x, x+fi) as a group element, there are the 
following group properties of U{x,x + fi) along the path decomposition of {x,x + fi + u) 
into (x, X + /t) and (x + /t, x + /t + i>), 

?7(x, X + fi) ■ U {x + jl, X + fi + u) = U{x, X + fi + u). (58) 

From the inverse of the parallel transport, it also follows that 

([/(x,x + /i))~^ = f/(x + /i,x). (59) 

The coefficient of the discrete connection U{x, x+fi) determines the parallel transport 
not only on a vector bundle but also on a GL{m,R) principal bundle. Therefore, it is 
also called a discrete GL{m, R) connection. 

4.1.5 Parallel Transport on Discrete Principal Bundle 

The matrix structure group of discrete vector bundle can be generalized to any Lie 
group G and the coefficients of a connection are the group G-valued with the right 
operations. Thus, we can get a difference discrete G-valued connection on a discrete 
principal G-bundle over the lattice. 

In this case, the concept of parallel transport can be extended to the discrete prin- 
cipal G-bundle. For a section h{x), the parallel transport with respect to a G- valued 
connection f/(x, x + ft) reads 

h{x) \ — > h{x + fi) = h{x) -Uix^x + fi). (60) 
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All elements here belong to the Lie group G and multiplication should be the group 
multiplication. The above equation can be expressed as 

I — ^ K^i) = K^o) ■ U{xo, xi), (61) 

or 

h{xi)\ — > h{xo) = h{xi) ■ U{xi,Xo), (62) 

which implies that 

U{xi,xo) = U{xo,xi)~^. (63) 
Similarly, the covariant derivative for the section h{x) can be given as 

Vd^x) = E^h{x) - h{x) ■ U^{x), (64) 

and the covariant exterior derivative as 

VdKx) = VD^,h{x)dx'' = J^i^M^) - H^) ■ U^{x))dx^. (65) 

4.2 Difference Discrete Curvature, Bianchi Identity and Abelian 
Chern Class 

4.2.1 Difference Discrete Curvature 

Based on the definition of the difference discrete connection 1-forms on discrete vector 
bundle, we can define the curvatures 2-forms similar to the continuous case [13], [H] 

F = doB + B AB. (66) 

If we assume F = -F^^dx'^ A dx'^, it follows that 

F^,{x) = A^B,{x) - A,B^{x) + B^{x) ■ B,{x + /i) - B,{x) ■ B^{x + z>). (67) 

Under the continuous limit, it is easy to see that this curvature should be the same as 
the usual formula of curvature. 

Since the definition is in a similar formulation except for the non-commutative exte- 
rior differential calculus, it is also easy to check the covariance property of the curvature 
under the gauge transformation P3|) or (jH]) as follows 

F(x) I — > F{x) = g{x) ■ F{x) ■ g~\x), (68) 
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or the covariance behavior of its components 



F^,y{x) = g{x) ■ F^^{x) ■ g ^{x + fi + u). 



(69) 



It is important to see that from the non-commutative property of differential calculus 
on lattice the shifting operator appears in the covariance of discrete curvature. This is 
a main difference between the continuous case and the discrete one. And it may lead to 
more difficulties in discussion of the gauge covariance and invariance property of tensors 
in the discrete case. 

4.2.2 Curvature via Holonomy 

In continuous case, the curvature may naturally appear in the homolomy considera- 
tion. As the (difference) discrete counterpart, the (difference) discrete curvature may 
also be described based on the holonomy consideration. 

Let us consider the squire of the exterior covariant derivatives 



{VD?h{x) 



VnVD^,h{x)dx'' 



Vn Y,iE^h{x) - h{x) ■ U^{x))dx^ 



^ E^{E^h{x) - h{x) ■ U^{x))dx^ A dx' 



- ^{E^h{x) - h{x) ■ U^,{x))dx^ A Uy{x))dx' 



(70) 



h{x) ^ U^{x)dx^ A U^{x)dx' 



h{x) ^2 U/iix) ■ Uy{x + jl)dx^ A dx' 




This leads to another expression for the curvature 2-form with its coefficients 



F = f/2 = ^ U^{x)dx^ A U^{x)dx'', 



(71) 



F^,u = ^[U^,ix) ■ U^{x + fi)- Uu{x) ■ U^{x + i>)]. 
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The zero curvature condition F = is 

U^{x) ■ U,{x + A) = U,{x) ■ U^{x + 0), (72) 

or 

U^{x) ■ U,{x + fi) ■ U;\x + v) ■ U;\x) = 1, (73) 

or 

U{x, X + fi) ■ U{x + /i, X + /i + P) ■ f/(x + /i + z>, X + i>) ■ f/(x + z>, x) = 1. (74) 

The expressions in last formula is nothing but the holonomy group in geometry or the 
plaquette variable in lattice gauge theory. We will discuss them in the section 6 and 
show also that zero curvature condition is just the integrable condition for a discrete 
integrable system. 

4.2.3 Bianchi Identity and Abelian Chern Class 

Similar to the Bianchi identity in differential geometry, we can also derive the Bianchi 
identity for the difference discrete curvature 

VdF = doF -FAB + BAF = 0, (75) 

or in its components 

£^'^'^[AaF^.(x) - Fx^ix) A B,{x + A + i>) + Bxix) A F^,{x + A)] = 0. (76) 

For the Abelian case, one can define the following topological term as discrete Chern 
class [28], [29], [30] , 

Ck = F AF A- ■ ■ AF, (77) 

which was used to discuss the chiral anomaly in the lattice gauge theory. The coefficient 
of the Abelian Chern class is 

This equation was first appeared in lattice gauge theory for the Abelian anomaly of 
chiral fermion in a quantum field theory [28], [29], |30] . 
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5 Discrete Connection on G-Bundle over Random 
Lattice 



The definition of tlie discrete connection via the horizontal vector space in sect. 14.1.31 
can be generahzed to the one on a G-bundle Q{N, G) over a random lattice A^. 
Let us consider the parallel transport of a section on such a G-bundle: 

h{xo) \ — > h{xi) = h{xo) ■ U{xo,xi), (78) 

where h{xj) is the G-valued section defined on Xj, j = 0,1 and xq, xi are nearest 
neighbor. We can reexpress equivalently it as 

{xQ,ho) I — > = {xo,ho) ■ U{xo,xi), (79) 

where ho = h{xQ), hi = h{xi) and right multiplication of U on the bundle acts only on 
the G- valued section /iq- It is easy to see that in these expressions there is no difference 
operator involved so that they could be make sense for the G-bundle over random lattice, 
if the discrete connection is properly introduced. 

On the other hand, if ho and hi satisfy eg. (ITS!) , it can be proved that the element 
(^Oi Qi) = {{^0: ho), {xi, hi)) ^ Q X Q is just a horizontal vector on TQ, i.e. 

hor((xo, ho), {xi, hi)) = ((xq, ho), (xi, hi)), (80) 

where hor(*, *) denotes the horizontal part of the (*, *). In fact, this is almost the same 
as the one introduced in |16j . 

Thus, our definition for the discrete connection can be easily compared with the local 
expression A{xo,Xi) of the coefficients of a connection 1-form defined in [TB]. Namely, 

U{xo,xi) = A{xo,xi)-^ (81) 

then 

((xo, ho), {xi, ho ■ A{xo, xi)"^)) 
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is a horizontal vector. According to the formulation in [16], we get 

((xo, ho), (xi, ho ■ A{xo, xi)-^)) 

= ho ■ Z(xo,e)(A(xo,xi)-^) ■ ((xo,e), {xi,e)) 

= /io-hor((xo,e),(xi,e)) 

= ho ■ hor((xo,e),gi) 

= /lo ■hor((xo,e),/io^gi) 

= hoT{{xo,ho),qi), 

which means that the horizontal vector ((xq, ho), (xi, ho ■ A{xo,Xi)~^)) is the horizontal 
part of any vector (go, Qi) with go is fixed and gi is any point on the fiber of 7r~^(xi). 
According to the definition of A{xo,Xi), we have 

A{xo,xi) = Ad{xo, e, xi, e) . 

From the gauge transformation property of U{xo,xi), it follows that under the gauge 
transformation g[x) 

A{xo, xi) I — > g{xi) ■ A{xo, xi) ■ g~^{xo). (83) 

This leads to 

Ad{xo,g{xo);xi,g{xi)) = g{xi)Ad{xo,e,xi,e)g~'^{xo). (84) 

Thus, we recover the property of the connection 1-form defined in [16] 

A-digqo, hqi) = hAdiqo, qi)g~^ ■ (85) 

As was shown above, our definition of discrete connection is equivalent to that in [TB] 
in the case of the cubic lattice. However, our definition for the discrete curvature is only 
for the hypercubic lattice, since it is based on the noncommutative differential calculus. 
How to extend those results to the case of random lattice is under investigation. 
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6 Applications 



6.1 Lattice Gauge Theory and Difference Discrete Connection 

In the lattice gauge theory [31], the space-time is discretized as hypercubic lattice 
with equal spacing a in any direction in most cases. 

Suppose that is the gauge field or the connection on the continuous case. At each 
link on the lattice we introduce a discrete version of the path ordered product 

U{x, x + fi) = U^{x) = e'"^''("+t), (86) 

where /t is the vector in coordinate direction with length a and x is the point coordinates 
on the node of the hypercubic lattice which takes integer value only. The average field, 
which is denoted by is defined at the midpoint of the hnk {x,x+fi). Similarly, 

U{x,x-jl) = U.^{x) = e-^«^M(^-i) = U^{x-fi,x). (87) 

If the connection is valued on the Lie algebra of SU (N) with a hermitian basis, we 
have 

U^{x — fi,x) = U~^{x — fi, x). 

The variable of a simplest Wilson loop called plaquette variable is expressed as the 
left side of (1741) . which is defined on the two dimensional square 

W,, = U,{x) ■ U,{x + fi) ■ Ul{x + z>) • Ul{x). (88) 

It can be shown that the continue limit of W^v is related to the Yang-Mills action 

Re(l - W^,) = y F^.F^'^ + 0(a6) + ■ ■ ■ , 

lm{W^,) = a^F^, + ■■■ . 

Therefore, plaquette variable Wf^^, should play some rule of curvature in the discrete case 
as we discussed in previous section. However its continuous limit is related not only to 
the usual curvature but also to the Yang-Mills action as in the above expressions, there 
should be more geometric meaning in the theory of discrete connection and curvature 
than usual one. 
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6.2 Geometric Meaning of Discrete Lax Pair 

In order to understand the discrete connection on discrete bundle, we first discuss 
some geometric meanings of tlie Lax pair and discrete Lax pair. In fact, it gives one of 
solid motivations and some consideration for the study of discrete connection. 

Let us start with the concept of Lax pair of integral system in continuous two di- 
mensions case with 1-dimension time and 1-dimension space as follows 

(89) 

dtip = ip- At, 

where is a vector and A^, At are matrix valued. The consistent condition for this 
linear system is 

d^At - dtA, + [A,, At] = 0. (90) 

Now let us discretize the 2-dimensional space-time as a square lattice, 7? . 

The section field '>\}[x) on the vector bundle becomes the field t\}{m,n) the functions 
depending on two discrete variable, i.e., two integer {m,n). Naively the discrete Lax 
pair may be written as 

Axip{m, n) = ip{m, n) ■ Ax{m, n), 

(91) 

Atip{m, n) = ip^m, n) ■ At{m, n), 

The derivatives dx and dt with respect to x and t are replaced by difference operators 
Ax and At, respectively. The consistent condition for the discrete Lax pair, i.e., 

AxAt^im, n) = AtAx^{m, n) (92) 

leads to 

AxAt{m, n) — AtAx{m, n) + Ax{m, n)At{m + l,n) — At{m, n)Ax{m, n + 1) = 0. (93) 

Using the shift operator Ex and Et we can also rewrite the discrete Lax pair (MT\i as 

Exip{m, n) = ilj{m, n) ■ [1 + Ax{m, n)] = ipim, n) ■ Ux{m, n) 

(94) 

Etip{m, n) = ip{m, n) ■ [1 + Atlm, n)] = ipim, n) ■ Ut{m, n). 
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where 



Ut{m, n) = 1 + At{m, n) 



Ux{m, n) = 1 + A^{m, n). 



(95) 



On requiring the corresponding consistent condition 



E^Eti!{m,n) = EtE^'il:{m,n), 



(96) 



a straightforward calculation leads to 



Ux{m, n) ■ Ut{m + 1, n) = Ut{m, n) ■ Ux{m, n + 1), 



(97) 



or 



Ux{m, n) ■ Utijn + 1, n) ■ U,^. ^{m, n + 1) ■U^ ^(m, n) = 1. 



(98) 



If we use the relation of U and A in (1951) . we can derive the zero curvature condition 
(1931) form (|98l). 

When we regard the quantities A^, At, Ux and Ut as the discrete connections on 
discrete bundle, the equations ( l93l) and ( l98i) should be the zero curvature condition for 
these connections, and the left sides of (l93l) and ( 198|) should be the extension of the 
curvature in the discrete case. 

7 Remarks and Discussions 

As was mentioned previously, the study of discrete models is very important in both 
their own right and applications, although we mainly focus on the discrete models as 
the discrete counterparts of the continuous cases. 

In order to get the discrete models that can keep the properties of continuous ones as 
much as possible, we may first consider a kind of discrete models from their continuous 
counterparts with differences as discrete derivatives. These models can be given by 
replacing the both continuous independent variables and their derivatives by the discrete 
independent variables as a regular lattice and their differences on the lattice, respectively. 
In general, for the discrete models on the regular lattices including the models just 
mentioned, it is natural to study first the properties of the function spaces on the 
lattices and the discrete bundles over the lattices both analytically and geometrically, 
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such as discrete differential calculus, discrete metric, discrete Hodge operator, discrete 
connection and curvature, and so on. In doing so, we may follow a way similar to that in 
the continuous long as the differences are regarded as the discrete derivatives. 

In this paper, we have briefly reviewed the non-commutative differential calculus on 
hypercubic lattice, which have discussed by many groups. We have mainly introduced 
the (difference) discrete connections on discrete vector bundle in several manners, the 
parallel transport, the decomposition of the vector space into vertical and horizontal 
space, the covariant derivative on the section of vector bundle as well as the discrete 
curvature of the discrete connections. We have also studied their relation to the lattice 
gauge theory and applied to the Lax pairs for the discrete integrable systems. 

There are, of course, also many properties of the discrete models, which are very 
different apparently from the continuous ones. These should be investigated further. 
Although one of the definitions for the discrete connection can be extended to the case 
over the random lattice, for the discrete curvature on the random lattice in the lattice 
gauge theory, however, it is still open whether it can be defined in a way similar to the 
continuous case formally. This is also a very interesting question to get more results 
on lattice with no-trivial topology. Another very important problem is how to get the 
topological classes with non-Abelian group. Needless to say, more attention should be 
payed to those questions. 
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